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1. Introduction 



Conformal symmetry is the highest space-time symmetry. In addition to the trans- 
formations of the Poincare group it includes the transformations which preserve angles 
between world lines: dilatations and the special conformal transformations. The last trans- 
formation is singular in the Minkowski space, but on R x it is well defined. Global 
space-time may differ from Minkowski space, while being locally very similar to it, and 
the new "energy", the translation operator Pq from the conformal algebra, will corre- 
spondingly differ from the special relativistic energy, although again being very close to 
it in the case of sufficiently localized phenomena. The difference in energy-eigenvalues 
should be very small for localized states, but there is a considerable lost of symmetry in 
the replacement oi R x by Minkowski space. 

The second chapter deals with geometrical objects, with curvature related quantities: 
Riemann tensor, Ricci tensor, Ricci scalar. The conformal Killing-equations are pre- 
sented. Next, the electromagnetic field will be constructed on the manifold RxS^. This 
manifold is a special case of the Robertson- Walker spaces. R x has 15 generators of 
the conformal group and therefore is a maximal conformally symmetric manifold. The 
space of the rays on the lightcone in i?^'"^ is isomorphic to the {S x S^)/Z2. This fact is 
helpful to find out the conformal Killing-vectors, that describe the conformal symmetry 
of the curved manifold, i? x 5"^ is a universal covering space of {S x S^)/Z2. 

In the third chapter the electromagnetic field is considered. The Lagrangian that is 
invariant under the conformal transformations of the dynamical fields Am only is written. 
The Maxwell field in four dimensions is a vector field and in contrast to the scalar field 
there is no need to introduce densities in order to obtain a conformally invariant theory. 
For the eigenmode expansion of the field Aj^ the eigenfunctions of the " four- momentum" 
operator, the operator that plays the role of the momentum in the conformal algebra, 
will be used. At the end of this chapter, a gauge-fixing term is found, which makes 
strongly apparent the similarity to the flat case. 

In the fourth chapter the Green's function is found. It allows us to carry out the 
quantization. Here the creation and annihilation operators of photons on the curved 
space will be discussed. The interaction of the Maxwell field with the charged scalar 
density fields 0(a;) is considered. The question whether such terms break the conformal 
invariance, or give raise to some new vertex-factors for the Feynman diagrams is inves- 
tigated. Finally the energy-spectrum of the dynamical field A„i{x) will be considered. 
Due to the gauge invariance of the field there exist the unphysical degrees of freedom 
which lead to the negative-norm states. The BRS method will be used to solve this 
problem. 
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2. Mathematical background 



2.1. The Conformal transformations 

Suppose we have a region M of the space i?" with coordinates xi, . . . and some 
mapping T of points x to points x' : x' = T{x). On M tangential vectors to curves are 
defined : 

dx'"" _ dx'"" dx"" ^2 
ds <9x" ds u 

An invertible transformation is called conformal if the length-square of all vectors will 
change at most by some coordinate dependent factor e^^^^: 

TTXTT W =e"("^-^ ^/fc^ a^ 2.2 

ox'^ ds 1^ ox' as 1^ ds \^ ds \^ 

This must be valid for every vector, so: 



dx^ dx^ 



9mn{x{x)) = e^^'^^gkiix) (2.3) 



The last formula shows us that after a conformal transformation the new metric ten- 
sor g'^^{x') is proportional to the original one gmn{x') if both are expressed in the same 
coordinates. The transformation is called isometry if the conformal factor e^'^^-' = 1 and 
hence length-square of the vector does not change. Equation ()2.3|) describes the finite 
conformal transformations. 

The one parameter-group of transformations Tq, maps points x to points x' of the 
manifold. If one varies the group parameter a, one gets a curve with the tangential 
vectors: 

r(T.(x)) = (2.4) 
Inserting a = one obtains vector at the original point x. 

Considering infinitesimally small transformations: x"" = + if one differentiates 
()2.3j) with respect to the transformations parameter at a = and uses the equations: 

d{Tax) = Q ^^"^"^'^ = dk^"^ (2 5) 

dx^ |a = dx^ \a=0 
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one gets: 



dkC^'lgmn + S'^dlCgmn + 8 o^Q ^n{x) + eQkl = 0. (2.6) 

Here we have used the notation: e = — 9q,A|^^q. 

Finally one receives the conformal Killing equation : 

i^dkOmn + dmi^Qkn + dn^'^ g-mk + ^Qmn = 0. (2.7) 

From the last equations one can find the conformal Killing vectors, if the components 
of the metric tensor are known. This vectors describe the symmetry of the manifold. 
Because of the symmetry of the metric tensor ()2.7j) there are at most d{d+l)/2 equations, 
where d is the dimension of the manifold. 

2.2. Isometries 

Isometries are transformations that do not change lengths of vectors. The Killing vectors 
generate such transformations. This vectors can be found from the Killing equation. The 
last one is received from the equation ()2.7|) if one sets the parameter e = 0: 

^^dug^n + d^^^Qkn + dni'^gmk = 0. (2.8) 

If the components of the metric tensor are known one can find the Killing vectors from 
equations ()2.8p . We will compute the components of one Killing vector. In our case, for 
manifold R x S'^ we get the following equations: 

(11) ^^e = (2.9) 
(22) ^1 cos ad2^'^ sin a = (2.10) 



(33) cos a sin 6^ + sin a cos + sin a sin 6^ = (2-11) 



;i2) (9i^2 gj^2 ^ ^ ^^^1 _ g ^2.12) 



(13) sin^ a sin^ e + ^3^^ = (2.13) 



(23) ^2^^ sin^ a sin^ 9 + d^^^ sin^ a = 0. (2. 14) 
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The numbers in brackets indicate the indices of the metric tensor. Here we assume 
that the numbers 0, 1, 2, 3 correspond to the coordinates t, a, 6, (f) accordingly. To solve 
this system of equations we will use the Ansatz: 

= Asm{e + a) 
^'^ = Acos{e + a)cota + b (2.15) 

Here A, a, b are some unknown constants. From the equation ()2.11|) one gets: 

= -(f)(^A sm{e + a) cot a + {A cos{9 + a) cot a + b) cot 6*) . (2.16) 

If we insert this into ()2.13j) we will receive the following condition onto the a's: a = 
where n = 0, ±1, ±2, ±3, . . .. From equation ()2.14j) we receive for a = n/2 that 6 = 0. 
Now we can insert this values for the constants a and b into the last expression for 
and we get .^^ = 0. So one can now write down the following Killing vector: 

= (cose,-sin^cota,0). (2.17) 



2.3. Covariant Difrerentiation 

The gradient of a tensor does not behave like a tensor under general coordinate trans- 
formations = x'^ [y^ , . . . y"') , i = l...n. The components of a tensor Tk in the y^ 
coordinates satisfy: 

~j ^ m^d_(,dx^\^drdy^ ^ddy^ 
,1 a^i ' 



Qyl Qyl \ Qyt 1 Qyl Q^l Qyl Qj-t 



Qrpt Q p Q j q2 j Q k 

2_ _j_ t<2 ]^g^ 

dxP dy'- dx' dx'dx'^ dy^ 

The second term vanishes under linear coordinate transformations ?/* = a^jX\ but not 
under general coordinate transformations. So, it is necessary to generalize the concept 
of the gradient. The covariant derivative of (1,1) tensor has the form: 



= ^ + tLt; - r5,77, (2.19) 



and there exist similar expressions for tensors of different rank. Covariant differentiation 
is a linear operation and commutes with the operation of contraction. For a zero-rank 
tensor it is the usual gradient of the function. The covariant derivative of a product of 
tensors is calculated using the Leibniz product rule. 

The F-s are called Christoffel symbols or affine connections. The coordinates are 
said to be (Psuedo) Euclidean (with respect to a given connection), if in terms of those 
coordinates the F's are identically zero: 

F^,, = ^,j,fc = l,...,n. (2.20) 
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On the other hand, the coordinates x^, . . . , are said to be Euchdean if in terms of 
these coordinates the metric gij is given by: 

9ij = ^ij, (2.21) 

where S is the Kronecker symbol. 

A connection F*^ is said to be compatible with a metric gij if the covariant derivative 
of the metric tensor gij is identically zero: 

Dkgij = i,j,k^l,...,n. (2.22) 

For a vector field : 

/dT' ■ \ d fdT' ■ \ ■ fdTP \ 

DMT' = i,,(^_ + r-,r»] = 5-,(^^ + r-„,r.j+r;,(^^ + Cr"j- 
-rf.(i; + r;„r>) 



+r;,r^,T- - Ff^F^^T- (2.23) 

If one exchanges the order of differentiation and after that subtracts this two expres- 
sions from each other, one gets: 

-(rr.-r^j(|^ + rj,,r"). (2.24) 

Introducing the notation: 

_ T3i _ nl _ nk , -pi -pP _ -pi -pP fn r)t-\ 

' ~ dx'' dx^ '^^pk^nl ^pl^nk^ {Z.ZO) 

Til = ^fk-ni. (2.26) 

finally one obtains : 

{DkDi - DiDk)T = -KkiT^ + Tl^Dr^r (2.27) 
One can write analogous equations for the tensors with lower indices: 

{DkDi - DiDk)T, = RliTr, + T^Dr^Ti. (2.28) 

The R^i^i are the components of so-called Riemann curvature tensor and T^i is the 
torsion tensor. If the connection is symmetric T^i = 0. 
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One can write the conformal Killing equation ()2.7j) in the following form: 

Dm^ri ~l~ -Ofi'Cm ^9mn 0, (2.29) 

where the ^'s are the conformal Killing vectors. If one multiplies both sides with the 
inverse metric tensor one gets: e = —^Df^^^, where d is the dimension of the space. 
For isometries one obtains the Killing equation: 

DUn + DnU = 0. (2.30) 

If one uses ()2.3()j) in the equation for the commutator of the covariant derivatives 
one gets: DkDi^i + DiDi^k = -Rfki^n- (We assume that T = 0). Using the 
Bianchi-identity D^^Di^i-^ = one receives: 



(2.31) 



So the second derivatives of the Killing vectors are completely determined through this 
vectors and the Riemann tensor. In the Taylor expansion of the analytical Killing vector 
fields around a point P at most the coefficients ^ and the antisymmetric coefficients Dk£,i\p 
are free. In d space-time dimensions these are in total d + }^d{d — 1) coefficients and 
hence there exist at most \d{d + 1) linear independent Killing vectors. 

2.4. The manifold Rx 

As R X we will consider the following overlapping of the manifold x which is 
a submanifold of the flat space i?^'^: 

{t,a,9,^)^{y-\y^,y\y^y\y^) = 

(cost, sin t, sin a sin 6' cos 0, sma sin 6' sin</), sina cos^, cosa) (2.32) 
Here ?/'s are the coordinates on i?^'^ and x is described through the equation: 



(2.33) 



i=-l 



i=l 



The angles a and 6 take values from to tt, from to 27r, and t takes all real 
numbers. From R'^'^ one can write down the metric on R x : 



dy dy^ 
ds ds ^ 

/dt\ 
~~ [d~s 



hence : 



ds 
. ds I 



+ 



ds 



'dy^ 
ds 



'dy^ 
ds 



dy^' 
ds 



— sm a 



'de_' 

ds 



( 1 

-1 



V 








sin^ a 



sin a sin Q 









ds 



— sin^ a sin^ d j 



'djf 
ds 



(2.34) 
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2.5. Curvature of R x 

The curvature of a manifold is described through the Riemann tensor: 

which are called Riemann symbols of the second kind, where the Christoffel symbols F's 
are: 



= \9'^''{dugni + diQnk - dnQkl) (2.36) 
The components of the corresponding covariant tensor of fourth order : 

Rmjik — QmhRjik (2.37) 

are called the Riemann symbols of the first kind. They satisfy the following identities: 

Rmjik Rjmiki (2.38) 

Rmjik Rmjkit (2.39) 

Rmjik Rikmji (2.40) 

and 

Rmjik ~\~ Rmikj ~\~ Rmkji 0. (2.41) 

From ()2.38j) it follows that for non-vanishing components neither the first two nor the 
second two indices can be alike. Due to ()2.38|1 there are n{n — l)/2 = 77-2 cases in which 
the first pair of indices are equal to the second pair, and n2{n2 — l)/2 cases in which the 
first pair and the second pair are different. Hence there are total ^2(^2 + l)/2 distinct 
symbols as regards ()2.38|) . Additionally there are ?T,(ra — l)(r2— 2)(n — 3)/4! = rii equations 
of the form ()2.41|1 . Consequently there are 

N = n2(n2 + l)/2 - = n'^{n'^ - 1) /12 (2.42) 

distinct symbols of the first kind. 

For the space R x one gets that the componets of the Christoffel symbols are: 

= = cot a 

Tag = ^0a = cot a 

r^^ = F5, = cot^ 

Tqq = — sin a cos a 

F^^ = — sin a cos a sin^ 9 

F^w, = — sin 6* cos 9 



12 



All other components vanish. 

The number of the non-vanishing Riemann symbols of the first kind are less than 
predicted by the formula ()2.42|) because of the symmetries of our space. They have the 
following form: 



Ra,e,a,e = - sin a 
Ra,^,a,<i> = - sin^ a - sin^ 6 
Rfj rhff rh = — sin"^ a — sin^ 9 



and other components that can be received through exchange of the indices, in accor- 
dance with ()2.38|) . which makes 12 components in total. 
The Ricci tensor is computed through the formula: 



R„ 



(2.43) 



For R X S'^ the Ricci tensor takes the form: 



Rr, 



The Ricci Scalar is: 






V 











-2 sin^ a 




R = g'^'^R. 







-2 sin^ a sin^ 9 / 



(2.44) 



(2.45) 



and for R x one gets R = 6. 

One can compute the curvature of i? x S''^ in a different way. The curvature is com- 
pletely determined through its three dimensional curvature tensor Ppimn of S^. The 
manifold belongs to the class of the maximally symmetric spaces. The Riemann 
tensor of such a completely isotropic space is: 



plmn 



k(^9prn9ln QlrriQpn)^ 



(2.46) 



where k is some constant. Then the Ricci tensor is: 



and the Ricci scalar: 



2kg r, 



P = 6k. 



(2.47) 



The line element on 5''^ is: dl'^ = '-fmndx^^dx"', where jmn is the three-dimensional 
metric. So, the curvature of such spaces are described only through the constant k, 
and we will try to find its value for 5*^. One can consider as embedded in some 
four-dimensional flat space. The equation of the hyper-sphere with unit radius has the 
form: 



~\- X2 ~t~ ^3 ~t~ x^ 



(2.48) 
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and the line element on it is: dl'^ = dx\ + dx^ + dxl + dx\. With the help of ()2.48j) one 
can rearrange the last formula to give: 



{xidxi + X2dx2 + x^dx^y 

•^1 '^2 •'^3 



df = dxl + dxl + d^l + '"^'T' ' ' '^IT^' ' (2-49) 

so the metric tensor is: 



7"^" = + . ^2 ^2 ^2 - (2-50) 



One can choose to compute the curvature of at the origin, this means at the north 
pole. The curvature at any other point of the sphere is the same. So in the neighborhood 
of the north pole the first derivatives of the metric 7m„ vanish and so do the quantities 
7mn- The second derivatives are: 



and the Ricci tensor is: 



Using ()2.Hf)j) one gets: 



(2.51) 



Rik,^^o = - d,T\i. (2.52) 



Rik = l/27'"(9z(9i7^fc + didk'jmi - didmlik) 
-l/27'""((9fc9i7w + dkdami - dkdmlii) 

= l^'^^lm^ik - l^'^^km^il = '^^ik- 

Finally the scalar curvature is: R = RikY^ = 6. 

2.6. Generators of the conformal transformations 

We can now write down the Generators of 5*0(2,4): 

L-i,o = dt 

L_i^i = — sin t sin a sin 9 cos (j)dt + cost cos a sin 9 cos (f)da 
cos t cos 9 cos „ cos if: sin 

■ ^9 - -■ —B^<l> 

sm a sm a sm 9 

L_i 2 = — sin t sin a sin 6' sin 0(9( + cos t cos a sin 6' sin 0c}q, 

cos t cos 6* sin cos t cos „ 

■ ^0 + -■ —^^<P 

sm a sm a sm 9 

T ■ + ■ flA , + costsin^ 

L_i 3 = — sm r sm a cos tyaf + cos r cos a cos tyaQ, Oq 

sma 

L_i4 = — sin t cos Q;(9t — cos t sin 
Lo 1 = cos t sin a sin 9 cos (pdt + sin t cos a sin 9 cos (j)da 
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sin t cos 9 cos d) ^ sin i sin „ 
: de - —d^ 

sm a sm a sm u 

Lo,2 = cos t sin a sin 9 sin + sin t cos a sin ^ sin (pda 

sin it cos 9 sin sin t cos (p „ 

^ oe + -. 

sm a sm a sm 9 

/I o ■ /I o sin i sin ^ 

Lo3 = COS t sm a COS c/Ot + sm t COS q; COS f/g 

sin a 

Lq^a = cos t cos Q;(?t — sin t sin ac^a 

• io , COS 61 COS 

L2,3 = sm0deH — — 

sm 9 

T , cos^sinc/) 

i^3,i = - cos (pde H — ^ — Od, 

sm e* 

Li 4 = sin 9 cos + cot a cos ^ cos (pde — cot Q ^^^^ g. 

sm 9 

cos 

L2 4 = sin 9 sin 0()a + cot a cos 6* sin (hde + cot a -d^ 

sm 

-^3,4 = cos — cot a sin (2.53) 

La,b = -i^6,a (2.54) 

In Appendix A, as an example, Lq ^ is computed. 

The generators D of dilatations, K of special conformal transformations, and Pm, Jmn 
of the Poincarc group fulfill the following commutation relations: 

\Jmn) 'Jk'p\ "QmpJnk ~l~ VnkJmp 1]inkJnp VnpJmk 

1 Pm\ Pra [-^5 'Jmnl 

[D, Kra] = Krn K^] = 

[-^m; Pn] ~ '^{VmnD + Jmn) [Jmm -^pl ~ ijlmp-^n VnpJ^m) (2.55) 

where rjmn is the Minkowski metric. One can verify that this algebra is fulfilled through 
the following combinations of the Killing vectors of SO {2, 4): 

Pm — J^—l,m ~l~ J^m,4: ^m — l,m J^m,4: 

Jmn — Lm,m D — — L_i_4 (2.56) 

In appendix B one of this commutator relations is proven. 

2.7. Noether's Theorem 

The physical systems can have a symmetry under transformations of the dynamical 
fields, this means that under corresponding infinitesimal transformations Scpi the action 
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of the system does not change: 6W = 0. If Tq, is a one-parameter group that maps 
fields into fields, then infinitesimal transformations are defined as the derivatives of the 
transformations at a = 0: 

S(l>i = -^Ta(f)iix)i^^,. (2.57) 



The action will change as: 



SW = I d'^x6(f)i^. (2.58) 
d(pi 



The transformation Tq, is called a symmetry of the action if the integrand in the last 
expression can be written as the total derivative of some function: 

6W 

6(j),— + d^r = (2.59) 
d(pi 

To the current the term = dnB^'"^ , the total divergence of the functions that are 
antisymmetric under the exchange of the indices, can be added. For physical fields the 
equations of motion are |^ = 0, so to each symmetry there corresponds a conserved 
current j"*. The variation of the Lagrangian is: 

5c = 50,1^ + (a.- ^ 



I d{dk(t)i) 

The term in brackets in the first term is called the Euler derivative: 

dC dC dC 

d^i d(f)i d{dk(j)i) 

so, the variation of the Lagrangian is: 

d(j)i \ o[dk(t)i) J 
= dmK"^, (2.62) 

where: 

dC 

K^ = 5^i—-—-r. (2.63) 

d{dm(l)i) 

and ()2.59p was used. From here the formula for the conserved current follows: 

djC 
d{dm(l)i) 
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A transformation of the fields is a symmetry transformation if the corresponding vari- 
ation of the Lagrangian is the total derivative of some function. On the other hand 
to each conserved currents there corresponds a symmetry transformation of the action. 
One can write: 



5W f 5W^ 

Q = dm3'^ + Ri— + RTd^[ — 



(2.65) 



where i?/, are some functions of the coordinates, the fields and their derivatives. One 
can bring the last equation into the form: 



+ {Ri — dmRi 



6W 



(2.66) 



according to ()2.59|) to the conserved current there corresponds a symmetry transforma- 
tion: 



Ri — djnRT- 



The corresponding conserved charge is: 



Q{t) 



d^xf{t,x) 



(2.67) 



(2.68) 



2.8. The flat coordinates 

The Killing-vectors corresponding to the momentum operators of the conformal algebra 
^TK^i are: 



^0 



An 
S3 



1 + cost COS a, — sin t sin a, 0, 

— sin t sin a sin 6 cos (p, sin 6 cos 0(1 + cos t cos a) 
cos 9 cos </)(cos t + cos a) sin </)(cos t + cos a) 



sm a 
sin t sin a sin 6 sin ( 



sin a sin 9 

sin 6* sin 0(1 + cost cos a), 

cos 9 sin 0(cos t + cos a) cos 0(cos t + cos a) - 



sin a sin a sin 9 

— sin a sin t cos 6', cos ^^(1 + cost cos a), 

sin6'(cost + cosa) 



sm a 



Here we introduce the following quantities: 



(2.69) 



(,t,a,9,(j)), 



(2.70) 
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sin t sin a sin 6 cos 6 sin a sin 6 sin (/> sin a cos 



cos t + cos a ' cos t + cos a ' cos t + cos a ' cos t + cos a 



(2.71] 



m = 0,1,2,3. 



In terms of this expression we can write the Kilhng vectors as: 

(9/3" 



Sa 



Here we define the inverse Kilhng-vectors in the following sense: 



So, one has four inverse vectors corresponding to the vectors in (I2.(i9|) : 



(2.72) 

(2.73) 
(2.74) 



Sn 



Sn 



r 1 + COS t COS a 



sin t sin a 



0, 



(cost + cos a)^' (cost + cos a)^ ' 
sin t sin a sin 6 cos sin ^ cos 0(1 + cos t cos a) 



(cost + cos a)2 (cost + cos a)^ 

sin a cos 9 cos (/> sin a sin 6* sin ( 



cost + cos a) 

sin t sin a sin ^ sin < 



cos t + cos a 
sin 6* sin 6(1 + cos t cos a) 



(cost + cos a)^ ' (cost + cos a)^ 

sin a cos 6 sin (/) sin a sin 6' cos < 



cos t + cos a 
sin t sin a cos 6 

(cost + cosa)2 ■ 
sin a sin 



cos t + cos a 
cos 9{1 + cos t cos a) 
(cost + cos a)2 



cos t + cos a ' 
In our case the following relations hold: 

9mn^a ~ ' 
mnFa Fb i 



cost + COS a) rjab, 
cost + cosa)"^//"^ 
coso;)"^ 



m„?7°*(cost 



(2.75) 



^2.76) 
^2.77) 
:2.78) 



The Jacobian of the transformation from flat coordinates to curved coordinates 
/3™ is: 



det^ 
det^ 



dx/d/3 
dx/d/3 



sin a sin 6 

{cos 9 + cosa)'^' 

(iet4 II dx/dp II (1 + cost cos a). 



(2.79) 
(2.80) 
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In Minkowski space the line element has the form: 

ds^ = {dx^ - {dx^f - {dx^f - {dxy (2.81) 

One can rewrite this in the spherical polar coordinates (t, r, 6', <^): 

ds^ = df - dr^ - r\de^ + sin^ Odcj)'^) (2.82) 

This metric is singular for r = and sin 6 = but this is only a coordinate singularity. 
To get rid of it one has to restrict the coordinates to the ranges: 0<r<oo,0<^^< 
vr, < < 27r and one needs two such coordinate patches to cover the whole Minkowski 
space. Further one introduces the advanced and retarded null coordinates: 

V = t + r 

w = t-r (2.83) 



Then one has: 



ds"^ = dvdw -^{v- w)\d9^ + sin^ 9d^^) (2.84) 



Also this coordinates can take infinite values. In the new coordinates p and q: 

tanp = V 
tang = w 

1111 , , 

--TT <p< -TT, --TT<q<-TT, p>q (2.85) 

this infinities are transformed to finite values and the metric takes the form: 

ds"^ = sec^psec^ q{dpdq — - sin^(p — q){d6'^ + sin^ Odcj)^)) (2.86) 

One defines new coordinates: 

t' = p + q, r' = p — q 

with 

- vr < t' + r < vr, -vr < t' - r' < vr, r > (2.87) 
The original metric g is conformal to the metric g given by: 

df = {dt'f - {dr'f - sin^ r\de^ + sin^ OdcP^)) (2.88) 
Thus the Minkowski space-time is given by the region ()2.87|1 of the metric: 

ds^ = i sec'(t' + r') sec\t' - r')df (2.89) 

One can see that the metric ()2.88|) is locally identical to that of the space R x S^, 
Einstein static universe. In the later the r' coordinate is not limited. Suppressing two of 

the coordinates one can represent Einstein's static universe as the cylinder + = 
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in the three-dimensional Minkowski space: ds^ = —dt^ + dx^ + dy^. 

2.9. Infinitesimal transformations 

Under coordinate transformation the components of tensors of the second rank transform 
as: 

^-^y^ = ^2.90) 

For an infinitesimal transformation: 

y'" = x'" + C, (2.91) 
()2.90p in the first order of ^"^ takes the form: 

5^Fi = rdmFiix) + d,rFL{x) - d^eFrix). (2.92) 

This expression is called the Lie derivative along a vector field For tensors of different 
rank the derivative has an analogous form. 

The tensor densities transform in different way under the coordinat transformations: 

D'::.{y) =11 1^ r" ^^dUx). (2.93) 

The quantity n in the power of the Jacobian is the conformal weight of the tensor 
density. The infinitesimal transformations for such objects is of the form: 

6^Di = rdmdiix) + d,rDlix) - dU'DTix) + -dU'^Dl (2.94) 

The conformal Killing equatio can be shortly written as: 

S^Qmn = ^Qmn- (2.95) 
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3. Classical field theory 



3.1. The vector Field 

The Lagrangian for an electromagnetic field is: 

-^vec = —^\/99"^'^9"'^FmnFkh (3-1) 

wfiere: 

The equations of motion are: 

drn{^F^-) = 0. (3.3) 

This Lagrangian is invariant under gauge transformations of the type: 

Am^Am + a^A. (3.4) 

The form of the Lagrangian shows us that the Am are vectors (no densities) and they 
transform under the general coordinate transformations according to: 

6Am = A'^ix) - Am{x) = ^'diAm + dU'A. (3.5) 

Due to the gauge- freedom we may add a divergence term to it: 

6' Am = 6Am-dm{^'Ai)=^'Fim (3.6) 

^6'Fmn = dm{eFir,)-dn{eFim). (3.7) 

We will now prove that the action is invariant under ()3.5|) for ,^'s corresponding to 
conformal transformations. The Lagrangian of the electro-magnetic field transforms as 
a scalar density of weight 4 under general coordinate transformations, so the variation: 

5gC = dm{rC-) = dm{r^FmnF^^), (3.8) 

and so the variation of the action vanishes: 6gW = 0. 

Under conformal transformations the metric tensor transforms as 6gmn = ^Qmn- One 
can check that the expression g^/^g"^^ is invariant under conformal transformations: 



mk 



-/"g'^'egnig^' - g'"eg"^^ = (3.9) 
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because g gni = 4. From this one gets: 

siVgg'^'g'^n = Kg'^'g'^Vg''' + g'''g^'5{g"'g^^) 

= 

So one can conclude that conformal transformations of the whole action (3.1) are equal 
to conformal transformations of the dynamical fields only. Because of this and ()3.8|) 
the action is invariant under conformal transformations of the fields Am- 

The equation of motion ()3.H1 can be written with covariant derivatives: 

dUVg^n = v^ia^^™ + ^ZF'"" + TL^'"') = v^AnF"^", (3.10) 

here is used that the partial derivative: dmy/g = ■^^gg'^^'drngu = y/g^tik ^^e fact 
that an antisymmetric tensor times a symmetric tensor vanishes, so one can add the last 
term. Hence the Maxwell equation is: 

^DmF^" = 0. (3.11) 

Since the Christoffel symbols F's are symmetrical in the lower indices one can rewrite 
the stress tensor Fmn with covariant derivatives: Fmn = DmAn—DnAm and the equations 
of motion take the form: 

D"(D™A„-D„A^) =0. (3.12) 

We would like to rearrange the second term. The covariant derivatives do not commute. 
After formula ()2.27j) with vanishing torsion one has: 

DmDnA^ = [Dm, D^]A"' + D^DmA^ = RZ^A" + D^DmA^. (3.13) 

In the second term the trace of the Riemann tensor gives the Ricci tensor, so the equa- 
tions of motion are: 

D'^DmA^ + R^mA"^ - D^DmA"' = 0. (3.14) 

One can see that in curved space the Maxwell equation contains a term with the Ricci 
tensor that had no analogous term in the fiat space equations. 

We can express the fields A as the superposition of the momentum eigenfunctions Um-, 
which are defined by the following equation: 

^[diUm + dmC^l = -ikaUm, (3.15) 

where the are the Killing-vectors corresponding to the momentum generator Pa in 
the conformal algebra. We will now show that this equation is fulfilled by: 

Um = dm{£x) exp{—ikx) , (3.16) 
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where x's are the (3 dependent functions we have introduced above. 
Proof: 

d 

du — 
= + dm{ehCa^n exp(-iA;x)) - Cai^mdnex) exp(-iA;x) 

-^29n{£x)dm exp {-ikx) 

= + ^adm exp {-ikx) - Cadn(dm{,ex) exp {-ikx)) + 

+ia(^m{£x)dn cxp {-ikx) - Sadm exp {-ikx) 

dUm dUm , a / N ^ / -1 \ 

= -O^-^ + ^-^'^^O^a^-Pi-^kx) 

= dm{ex){-ika)exp{-ikx) 

ika^m- 



Here we have used that through the inverse Kilhng-vectors the solution can be rewrit- 
ten in the form: 

Um = ^aCexp {-ikx). (3.17) 

3.2. The gauge-fixing term 

One defines the tensor fmn as: 

fmn dfnUn dnUm 

= ieMCj'n-CDeM-^kx). (3.18) 
Inserting this terms into the Maxwell equations one gets: 



{ig'^g'-SakMil^, - mi) - McSa^fg''' + 



;SakMi9''')e-"'''. (3.19) 



(cost + COS a)2 



It can be shown that first term is zero. We see that the second term is proportional to 
fc^ and the last term to ek . 

Setting ()3.19p equal to zero we obtain conditions for the k's and e's such that the u's 
are special solutions of the equations of motion. 
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We would like to impose a gauge-condition upon the u's that leads to ek = 0. In order 
to find such a condition, we consider the following condition for some unknown function 

(cost + COS a)^ 

= 0. 

As we see the first term is proportional to ek. We will now find an f{f3) such 
second term vanishes. This leads to the following: 



(3.20) 

that the 







•an 



This equation is satisfied by : 



/ 



Vg 



(cost + cosa)2 
So we choose the gauge-condition to be : 



d„ 



(cost + cosa)2 
From equation ()3.19|) we get a condition for /cq- 

ko = 



A" 



0. 



k-^ ~\~ k<2 ~\~ ^3 



The EaS can be developed in basis of linearly independent vectors e^. 
Then the A's can be written as : 



(Pk 



(at;eaCexp(-ifcx) + a+e^C exp(iA;x)). 



(27r)3v^ 

We now enlarge the Lagrangian by a gauge-fixing term: 



(3.2i: 



(3.22) 



(3.23) 



(3.24) 



(3.25) 



1 

'4' 



r — _^ p p"^" 



1 



[d^i^TA"^)]' 



(3.26) 
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where: 



T=- (3.27) 

(cost + COS aj^ 

The equations of motion now take the form: 

D^{F"^-) + Tg^-dU^^dii^TA^)) = 0. (3.28) 

The gauge-fixing term is a scalar density of the weight 4, so it is invariant under 
general coordinate transformation 6g- One can rewrite the gauge- fixing term in the 
form: 

^™ = ^^T7l^[5«.(v^r"TA„)]2. (3.29) 

The term g^^^T has weight 2 and one can show that for Poincare transformations: 

Sp{g'/'T) = edi{g"'T) + ^d^eig'^T) = 0, (3.30) 

with the Killing-vectors corresponding to the translation and the Lorentz transforma- 
tions from the conformal algebra ()2.56|) . Using the last equality, the fact that for the 
conformal transformations 5c{g^^'^g"^^) = and the chain rule, finally one gets: 

= 5pC„ = -^-A_[d^(^g"^-T5pA^)]' (3.31) 

So the gauge-fixing term is invariant under the Poincare transformations. However it is 
not invariant under conformal transformations. 
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4. Quantum field theory 



4.1. Propagator quantization 

The Green's function of the equation of motion ()3.28j) is 

(^mn[X,X) = J ^27r)4 A;2 _|_ ^^^m[^)^n Vab 

= i; 

with = ^^exp(-iA;x). 

To prove this we insert Gmn in the equation of motion ()3.28p . The x dependent part 
under the integral is u'^rjab- In the following computation we will use only this part. 
With the results of the computations in ()3.19j) and ()3.2()p . replacing ea by rjab, one gets: 

= -eTT^ab^fg'^e-'^'' + v^Vkckdifg^'^e-'^'' - 

= -k^Tri^bltte-''''- (4.2) 

Finally the action of the operator of the equation of motion L'" on the Green's function 
gives: 

L'^'Gir = J (21^4 p I .J l{x)eTr,ablt{^)g'^^W i}k{x - x')) = iS^S'ix - x'). (4.3) 

Here according to ()2.76p it has been used that: Trjabii{x)^^{x) = gir- 
One can perform the fco integration in the Green's function ()4.H1 : 

Gmnix) = -J J^^^Va,C{x)en{x') - x'^'^'^^-'^ + e{x" - x')e^'^^~^'^]{AA) 



with fco = Y ^1 + ^2 + ^3- 

On the other side one has the expression: 

G^n{x) = (0|^(x° - x'°)A„(x)A„(x') + - x°)A„(x')A„(x)|0) 



(2^)3^2^ J (2.)3 V2^{^(^° - [«^(^)' «^(^)]C(-)e^(^')e— ' + 

+^(a;'°-x°)K(p),a+(A;)]C(x')el(a:)e^'=™'}. (4.5) 
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The comparison with the formula ()4.4|1 shows that the creation and annihilation op- 
erators must fulfill the equality: 

[aa{k),at{p)] = -VabS%k-p) (4.6) 

From one side the momentum operator acts on the field as: 

[in, A^] = J ~k[iP,, a„]Ce-'^^ + [iP,, a+]Ce^^^ (4.7) 

On the other side we know how the momentum operator acts on its eigenmodes u{x): 

5,A^ = J fca,(-ifc,)Ce-'=^ + a^ifc.Ce'^^ (4.8) 

Comparing the last two formulas one gets for the operator: 

[iPt,at]=ik,a+ (4.9) 
showing that is indeed a creation operator, in the sense that it creates momentum. 

4.2. Creation and annihilation operators 

In this section a and a+'s will be expressed as functions of the fields and its canonical 
momentum. For mathematical simplicity computations will be carry out for xq = 0. 
The mode expansion of the field for the polarisazion vector: e'^ = 5^ is: 

/(] h — — 

^2^y^ Mk)C^e-'"' + atik)C^e''n- (4-10) 

Multiplying both sides with a term and integrating over the (3 = {t, a, 6, (p) curved 
coordinates one gets: 

d^k 



d^(3^T^l{ai,{k)e-'^^-P'^'' + a+(A;)e'('^+P)^), 



where T is given through the formula ()3.27|) and the zero component of the inverse 
Killing-vector is: = (1 — cos t cos a) / (cos t + cos a)^. From the formula ()2.79|) one can 
see that the combination ^T^q is the Jacobian det^ \\ dx/d(3 ||, and one can carry out 
the integration over (3 on the right side. So finally: 

d^k 



J d'P^n'o^re'^'A^ = J ^^^^3^ K(A:)^(fc-p) + aUk)S{k + p)] = 

-.[a,{k)+a+{-k)]. (4.11) 



(27r)3V2^' 
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These are four equations and one needs some additional four to solve for the eight 
unknown functions fla? • 

The canonical conjugate momentum is: 

dC 

In the formula for the Lagrangian ()3.26p the first term gives the following contribution 
to the momenta: 



= -^/g{^oAm - dmAo 
(27r'jV2^o 



/u h r _ _ _ _ _ _ 



-ikx 

-aUkm^oa-^lCoV"''} (4.13) 

Multiplying both sides with the expression T^J^e'^^, for t = (initial time) on the 
right side one gets : 

aa{k)h[^',C^ - ^tCo]C = ac{k)k,^'o ' aa{k)k,Co = 

= [a,{k)ko - ao{k)k,]^l (4.14) 

Here is used that for t = {xq = 0) only the inverse Killing vector has a non- 
vanishing zero component: 7^ and for the other three vectors: = with i = 1,2,3 

(1223. 

Integrating the last expression over the curved coordinates P one gets: 

J d^mTe'^^'Ilm = J ^^^jf^ / d'f3i^n',{[a,{k)ko - ao{k)k,]e~'^''^> - 

[at{k)ko-4{k)k,]e'^''^P^^}. (4.15) 

Remembering that ^T^q is the Jacobian ()2.79|l .with T = l/(cost + cosa)^, one can 
carry out the x integration that leads to a delta functions. At the last step one integrates 
over the momenta on the right side and finally: 

J d3/3TCe'^"n^ = — ^{a,(p)po - ao{p)Pc - a+(-p)po + 4{-p)Pc}, (4-16) 

with p = (po, -p). 

The second term in the Lagrangian ()3.2(j|l gives the following contribution: 

n; = -S^^^dki^TA') = -6'^[^dk{^T)g'^Ai + ^d,Ag''}. (4.17) 
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For the metric of Rx one has: dkg'^^ = 0. In the following both sides will be multiplied 
with some unknown vector fciP), with c = 0, 1,2,3. During the computations one can 
see which choice is convenient for this vector (which allows us to carry out the integration 
over the P coordinates). Integrating ()4.17|) over /3 one gets: 



(27r)3v^ 

a i(fc+p)n , ^/ 



+ 



+ifc,eier]e'^'+^^^)}. (4.18) 

Using ()3.21|) one can see that on the space Rx the inverse conformal Killing- vectors 
fulfill the equality: 



T 



T 



(4.19) 



So two terms remain on the right side(containing the ^^^f products) and with ()2.76|) one 
gets: 

d^k 
(2^0V^ 

+ia+{k)kbV''^Te'^''+P^''} (4.20) 

One can see that for /° = (c = 0, 1, 2, 3) it is easy to take the integral on the right 
side. Actually evaluating this at initial time t = {xq = 0) this vector has non-vanishing 
components only for c = 0. Again we use the fact that the combination ^T^^ is equal to 
the three Jacobian of the transformation from the coordinates (xi,X2,X3) to the curved 
ones (/?i,/?2,/?3)- 

d^k 



(27r)3V2A^ 
5? 



(-i)v^ 
The results (HH)!) and KT^ give 

(-Oy^ j d'/SUmfre''''' 
= ac{p)po - ao{p)pc - at{ 



i5°{-a„(fc)P5(fc - p) + a+(fc)P(5(fc + j9)} 
-aamp"" ^ al{-p)f\ . 



(4.21) 



-P)P^ + 4{-V)Vc + {aaW - (4.22) 



Here denotes the summarized four-vector that was multiplied in the formulas 
()4.16p and ()4.21|) to simplify the integration: 



ra 
c 



( Til \ 
Til 
Til 
V Til J 



(4.23) 
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with T from ()H.27j) and the Kilhng- vectors from ()2.f)9|l . 
Introducing the vectors: 

N,{p) = J ci=^/3^^/^e'P^ (4.24) 

one gets the following system of the eight algebraic equations for unknown functions 
aa{k) and a^(— fc), with the subindex a = 0, 1, 2, 3 : 

tta + a^ = Ma 

-aopo + aipi + a2P2 + 03^3 + a^po + afpi + a^p2 + a^ps = Nq 
-aipo + aopi + a^po + a^pi = Ni 
-a2Po + aoP2 + O'tvo + ^0^2 = ^^2 
-aapo + OoPa + ^tPo + «o = ^^3- 



(4.25) 



The solution of this system for xq = is: 

PoMo + piMi + P2M2 + P3M3 - iVo 



ao(p) ■ 

4 (p) 



2po 

PiMo+poMj-Nj 
2po 

PqMq + piMi + P2M2 + P3M3 + No 
2po 



atip) = . (4.26) 



where M{p) = M{-p), N{p) = N{-p) and z = 1, 2, 3. 



4.3. The Interactions with a scalar density field 

One can introduce the couplings with a vector field into the free scalar theory through 
a substitution in the scalar Lagrangian: 

Pm^Pm + ^Am, (4.27) 

where Am is a gauge field. The conformally invariant Lagrangian of the charged scalar 
field: 

Acalar = g' ^ " g""''' d^^* dn^ " I T (4-28) 
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where ^ is a Ricci scalar corresponding to the metric g^/^g"^^ and the (j)'s are scalar 
densities of weight 1. Together with the free vector field Lagrangian ()3.1|) . and using 
KTfl . one gets: 

C = £™cii + ^7'/V"(5m-iA„^)0*(9„ + iA„)0-^i2|0|2 



= ^rmmaxwell + -^scalar + ifi'^/'^5'""'^m " 0*5n0) + 

I p . (4.29) 

This Lagrangian describes the interaction of the scalar with an vector field. 

The last term in this expression is invariant under general coordinate transformations, 
because it is a product of the scalar g'^'^AmAn and the scalar density g^^"^ | p of weight 
4. As the metric tensor just enters through the conformally invariant combination: 
(^i/4(^nm^ this term is invariant under conformal transformation of the fields A,^ 

5,{g^"A' I n = dn{Cg"'A^ I ?)■ (4.30) 

The third term is conformally invariant because (f)dn(f)* — 0*<9„,0 transforms as a vector 
density of weight 2: 

= ewd^cp* - <p*d„<p) + dnem<p* - <p*di<p) + ldie{<pdn<p* - 0*9„0) (4.31) 

Hence the whole third term in the Lagrangian is a scalar density of weight 4. The 
equations of motion now are: 

^D^F^^ + i(7^/^(7"^"(09„0* - 0*9,0) + 2g'/'g"^-A^ \ 1^= 0, (4.32) 

and 

dm (^/'/V"(5n + i^n)0) + i^7^/V"^n(5n + i^n)0 + ^^0 = 0. (4.33) 

For the field one has: 



{2n)^y/2ko 
d?k 



b{k)w + c'^{k)w* 

In the case of the scalar density the eigenfunctions of the momentum operator w are: 

w = g^^VTe-''''' (4.35) 
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with T from ()H.27|1 and x™ from ()2.7H) . b^{k) creates particles with momentum km and 
c~^{k) creates the corresponding antiparticles. For convenience we call the factor in front 
of the exponent /: 



/ = g'^'VT. (4.36) 

In order to find the vertex factor in the Feynman diagrams one must consider the 
interaction terms in the Lagrangian ()4.29|) . The Fourier transformed of the fields Am{x) 
and (i>(x) have the form: 



= J d^p ^i/8VTe'f>(p) (4.37) 

In the third term the derivatives dn(f) and dn(f)* contain also derivatives of /. Next, 
this part will be investigated: 



(6(p)/e-^^^(9„/)6+(fc)e^^^ + 



(27r)3v^ (271)3^2^ 
+b{k)fe~'^%dj)c{k)e-"'^ + c+{p)fe'P%dnf)b+{k)e'''^ + 
+c+{p)fdP%dJ)c{k)e-'^^ - h+{p)fe''P^{dJ)h{k)e-"'^ - 
-b+{k)fe'P^{dnf)c+{k)e"'^ - c{p)fe-'P^{dnmk)e-'''^ - 
-cip)fe-'P%dJ)c+ik)e"'^). (4.38) 

Exchanging in the last four terms the k's and p's there remain only four terms: 
d^k d^p 



(9 ^3 /9irr9^^3 /^[Kp),&+(^)]/(5n/)e'('=-^)^+[c+(p),c(A:)]/(9./)e-(^-^)^ 
= {[b{p), b+{k)] - [c{p), c+{k)]) f{dj)e<'-^^^ = 0. (4.39) 

Where in the last term k and p have been exchanged again. Furthermore it has been 
used that the b and c operators fulfill the same commutation relations: 

[b{p),b+{k)] = {2nfS{p~k), 

[c{p), c+{k)] = {2n f 6{p - k). (4.40) 
So the terms with derivatives of the functions / ( I4.36|) vanish. 

The last computation has shown that the vertex contribution from the first part of 
the third term is: 

"d'^/S g'/^g"'^Am(l)dn(l)* 
J (27r)4 (27r)4 (27r)4^ ^ ^""^ 
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{dne-''^^)Aa{p)(l>{h)r{k2) 



(27r)4 (27r)4 (27r)^ 



(27r)4(27r)4(27r)4- 

= y W W W " iiP + k.-k.) 

xAMi(ki)i'(l^)- (4.41) 
Then for the whole third term one has: 

i / d'fi g'/'g-"'A^{4S„f - 0'9„0) 

xi,(p)0(A;i)0*(A;2), (4.42) 



that gives the factor: {{ki)" + {k2T){27r)^6^{p + ki - ^2) 

From the fourth term in the Lagrangian one gets for the vertex factor: 

[ rl^R f ^^P^ ^^P^ ^^^1 ^^^^ ^l/2rj. mn^a ^ 

J ^ J (27r)4 (27r)4 {2txY (27r)4^ ^ 

. /■ (i^pi d^p2 d'^ki d^fc2 .4 4, , , , , N 

= V (2^0^ (2^0^ (2^0^ (2^0^^'") ^ - P2 + fci + fc.) 

x0(pi)0(p2)ia(A:i)i6(A;2), (4.43) 
that gives the factor: (27r)^(5^(pi — p2 + ^1 + ^2) 
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4.4. The energy spectrum 

Using the formulas ()2.64|) and ()3.8p one can write the conserved current corresponding 
to the momentum operators Pj: 



All. 



(5A 



dC 



nc 



T 



+ 



(4.44) 



Next the offdiagonal terms will be computed, so in the mode expansion for the 
Am's (I4.1()|l only the part acu'^ is considered. For convenience it will be used: dk = 
d^k / {2TiY \/2k^. Using ()3.15|) one gets for the first term in the last expression: 



(4.45) 



{W,r^ = Jdkjdp (-i)fc/a,(fc)C(-v^)/"^7'"iaa(p)p44% 
with ()2.76|) one further gets: 

iW.Tf = -Jdkjdp A;;a,(fc)y^/X(p)p.T[r^''t^-r/-el]e-^('=+^)^ 

= -Jdkjdp kf^g^'^aa{p)Tr^''%[p,a,{k)-pMk)]e-''^^''''^''. 
For the second term in the formula ()4.44j) one has: 

-i{k+p)x 

One can compute that the inverse Killing-vectors fulfill the following equality: 

g''d,{^nt)=^- (4.46) 

Using this, one can see that the first two terms in W2 vanish and that only the last term 
remains: 



1 

I rj-t 



{W2rf = ldkldpikfa,{k)Cr.-d,{^Tg'')aa{p)Ce-—'- + 



ab -i{k+p)x 



(4.47) 



iW2rf = J dkj dp p,kfa,ik)aaip)Ck9''''V9We 
This term cancels with the first term of Wi and: 

(W^rf + iW2rf = JdkJ dp kfTaaip)a,ik)r]'''p,CkV99'''e-'^'^P^\ 
From ()2.76|) one has: 

^ig'^'VedV"' = TCV"', (4.49) 



(4.48) 
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and finally: 



(W,)] + = I dk I dp kfaa{p)a,{k)T^Cv'X'PcV9e 



-i(k+p)x 



(4.50) 



The third term in (14.4411 is 



jcfd _ fCfd\ -i(A;+p)x 



(^3)/ = -^^^vgr'g'-' jdkjdp aaik)ha,ip)p,ic^c - cejmf - &)e 

= -\^]V9 J dk J dpaa{k)kha,{p)pd2T\r]-'^r]''^ - r^-d^b-)e--^ik+p> 



(4.51) 



and for the fourth term, from ()4.44j] and using once more the equality ()4.4fjj] . there 
remains: 

{W^Tf = -^^IVaT' I dk I dp r^-^aa{p)p,Ti"'cic{k)k,e-'<^+P>. (4.52) 
Adding up all four terms one gets: 

= -\V9T^ j dk I dp e~'^'-^P^^r]'''r]'^''[^]aaip)pbac{k)k, 

+ Cfaa{p)Pcab{k)kd - C}aa{p)paac{k)h - 2Qaaip)pfab{k)kJ^ . (4.53) 

The subindex 1 in joffdiagi means that it contains only the annihilation operators. 

One gets the same result as ()4.53|) for the part ajfw^ from the formula ()4.10|) . but the 
annihilation operators a must be replaced by the creation operators a"*". The correspon- 
ing current is denoted as joffdiag2- So the part of the Hamiltonian corresponding to the 
offdiagonal terms for initial time t = {xq = 0) is: 



Hi 



d /?(jofrdiagjo 

1 f d^k 

2 J (27r)32A;o 



d /5(jofTdiagl)o + (jofTdiag2)o 

r]''^r]'"^{aa{-k)ac{k)hkd + aa{-k)ai,{k)kckd 



aa{-k)ac{k)kdkh) - 21]'' klaa{-k)ab{k) + [a -> a+]. 



(4.54) 



Here is used that ^/gT'^^Q is the determinant of the Jacobian || || Us and hence: 

rf^^/^v^T^e^e-^^'^+P)" = {27rf Sik + p). (4.55) 



The second and the fourth terms cancel: 
d^k 



{2TT)Hko 



aa{-k)ac{k)kbkd- aa{-k)acik)kdkb + [a ^ a+], (4.56) 
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one can give a simpler form to this expression: 



Hi 



(27r)32fco 



r]''''r]"'aa{-k)a,{k)ko[SX ' ^X] + [a ^ a+] 



d^k 



r]''\aQ{-k)ab{k)ka - ao{k)ab{-k)ka] = +[a a+] 



2(27r)3 
d^k 

^^^6'^aoi-k)aj{k)ki + [a ^ a+] 



(4.57) 



with i,j = 1, 2, 3. 

For the diagonal terms, containing aa{k)a'^{p), one has an expression similar to ()4.53|) . 
but with reversed signs and where the exponential function has a different power: 



(jdiagi):; = -VgT' I dk / dp e-'^^-^^^^^'^S'^" 



CaaiP)PbO'c{k)kd 



+ Cabik)k,atip)pd - ^]a,{k)kba+{p)pd - 2Qah{k)kfat{p)pc 



(4.58) 



The remaining diagonal terms, containing a'^{k)ah{p), give the same result as the 
last expression, so together the diagonal terms give ()4.58j) without the factor ^. In the 
Hamiltonian one finally has for the time xq = 0: 



^0 

diaglJo 



d^k 



(27r)32A;o 

- a+{k)a,{k)kkkd) -2T]''''kla^{k)ab{k) 

d^k 

kov'''atik)a,ik). 



7]^''7]"^(^at{k)ac{k)kbkd + a^{k)ab{k)kckd 



(27r)3 

Here it was used again that: 



(4.59) 



(4.60) 



and the fact that only the Killing vector has nonvanishing zero component at time 
Xq = and for other three = by i = 1,2,3. at this time. 

The total Hamiltonian is the sum of the diagonal and the offdiagonal parts and for 
the original time : 



H 



/d k" 
—-^kov'''a^ik)akik) + 



4A;o 
1 



(27r)3 

aa{-k)ac{k)kbkd - aa{-k)ac{k)kdkb 



+ 



Ah 







^ah^cd 



a^{-k)a^{k)kbkd - a^{-k)a^{k)kdkb 



(4.61) 



We will come back to this formula at the end of the next section. 
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4.5. The Physical States 

In formula ()4.(iH) not all creation and annihilation operators correspond to physical 
states. One introduces an hermitian operator, the BRS operator: s = s~^. This operator 
is nilpotent: = 0. 

One can decompose the creation operator, in the parts in the direction of the light-like 
momentum k, in the direction k"- = {k^, —k^, —k^, —k^), and in two directions n*, i = 1,2 
(orthogonal to those and one-another ). 



u=k,k,l,2 



Here e'^ is a polarization vector. One possible choice is: 



/ kg 



kn 



The inverse vector is: 



" \^k^' ^k^ 



because it is fulfilled: 



ab u-u' 



/ 1 

10 

10 

V 1 y 



The scalar product of two polarization vectors is: 



/ 1 \ 

10 
0-10 

V -1 / 



(4.62) 



(4.63) 



(4.64) 



(4.65) 



(4.66) 



The physical states have a gauge freedom: 

= A^ + d^C, (4.67) 
where the field C has to satisfy the equation: 

dm{^Tg^^d^C) = (4.68) 
Using the result of the formula ()3.20|) and the condition /c^ = one can see that: 

dmC = fc.Ce-^^ (4.69) 
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So the general solution of the equation ()4.(j8j) is the superposition: 



dmC = I dk {ckaCme-''^ + c+A;„Ce''") , (4.70) 
where c and are the annihilation and creation operators of the field C. Finally: 

C= I dk (ce-'^^^ + c+e'^^^) . (4.71) 



The physical states TV are defined as equivalence classes of the states that vanishes 
under the action of the BRS operator: 

M = {\%^) : s\^l)) ={),\%l))mod s|A),V |A)} (4.72) 

. So the states and IV') + s|A) are equivalent because of the nilpotency. 

One can add to the Lagrangian a term of the form: isX(0, (90, . . .), the total La- 
grangian will remain invariant under the BRS transformations: s£totai = 0. Here as 
fields are understood the real bosonic vector field Am-, the auxiliary fields the real 
fermionic ghost C and antighost fields C . One defines the action of the BRS operator 
on this fields as follows: 

sC{x) = iB{x), sB{x) = 0, 

sA^x) = d^C{x), sC{x) = 0. (4.73) 

This fields have ghost numbers: 

gh{C) = -l, gh{B) = 0, gh{A^)=0, gh{C) = 1. (4.74) 

The Lagrangian must have ghost number and so gh{X) = — 1. A possible choice for 
it is: 



x = c l^-^B + -^dUg'^-T^A^,)^ . 



(4.75) 



Here T is always: T = (cost + cos a) ^. Acting on this function with the BRS operator 
one gets: 

Is + ^^dUg'^-T^Ar,) 
^[-B + -^dUg'^-T^A^)^ + -^cdUg'^-T^d^c) 

^ ;9^(^?™Tv/^A„)l - ,-^[dUg"'-T^A^,)]' + 







is 










-f( 















1 



2C/V4T 



CdUg"'-T^dr,C). (4.76) 
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From the equation of motion for the field B it follows that: 

1 / I- _ 

+ (a ikx I fa — ifca;' 



9' 



= ig^l^T j (fkri''^h{a+e'^'' - aaC-'''''). (4.77) 
For the field C one gets from the equation ()4.76p : 

^ = -^d„,{g^-T^gdnC) = 0, (4.78) 
and the solution of this equation, as was already seen, is: 

C = Jdk (ce-^^^ + c+e''^^) . (4.79) 
The variation of the Lagrangian with respect to the field C is: 

6C = -l^Cd^{g^^'^T^dJC) = -drn[-^C 

= id^^g^^-T^dm^OyC (4.80) 

Here has been used that boundary terms vanish under the integral. The solution of the 
equation 

dn (^g'^-T^d^-^C^ = (4.81) 

has the form: 

C = g^l^T J dk (ce"'^^ + c+e'*^^) . (4.82) 

where c{k) and c'^{k) are the fermionic creation and annihilation operators. 

Using the definition of action of the BRS operator on the field C : sC = iB and the 
formulas ()4.77p and ()4.82p one gets: 

SC+ = -r/"'A;6a+ = -e'',e'','r]'''a,k,, = -k^a^. (4.83) 

Hence for the one-particle states one has: 

sc+|0) = -fcoa^lO). (4.84) 
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From the other definition sAm = dmC one has: 

sa^ = kmC^ ■ (4.85) 

Decomposing the creation operators into the four, earher introduced, orthogonal direc- 
tions and multiplying both sides with the inverse polarization vector one gets: 

sat = ^ukn^c^. (4.86) 

and finally using ()4.64|) : 

sa+|0) = V2koC+\Q). (4.87) 

The formulas ()4.84|) and ()4.87|) show that 0^10) and c'^|0) are not invariant under the 
action of the BRS operator and so do not correspond to physical states. 
The states a^|0) and c"'"|0) are equivalent to 0. 

The two transverse creation operators ai and generate the physical states. 
From formula ()4.fi|l one gets: 

[a,{k), at{k')] = ^^t^,{2Tifr,a,5\k - k'). (4.88) 

Using ()4.fi4j) one gets for the physical degrees of freedom: 

[ai{k), at{k')] = -{27T f6%k - k'), 

[a2{k), at{k')] = -{271^ 6%k - k'). (4.89) 

In the formula for the Hamiltonian ()4.61|1 one can see that the second and the third 
line correspond to the unphysical degrees of freedom. Decomposing the operators in the 
second term of this expression one obtains: 

-^r/VV(-A:)a,(A;)^,A;, = 
4fco 

= ^^'^V'<<a.(-^)^.'e^e^a,(A:)fc,, 

= koak{-k)a-k{k) (4.90) 

and due to the fact that a^ik) are unphysical: aj^{k)\phys) = 0, this term gives no 
contribution to the energy-eigenvalues for physical states. An analogous computation 
for the last three terms in ()4.6H) show the same result, they are all unphysical. So the 
physical part of the Hamiltonian is: 

r d k 

Hphys = - / -—.kov'''at{k)at,{k). (4.91) 



'p^y^ J (27r)3 
This result is analogous to the fiat case. 
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5. Summary 



The curved manifold R x is locally conformal to the Minkowski space. The vector 
field is constructed on Rx S^. The free field Lagrangian on the curved space is invariant 
under conformal transformations of the dynamical fields Am{x). The gauge-fixing term 
is not conformally invariant, but it is invariant under Poincare transformations of the 
fields Am{x). As the breaking of conformal invariance has occurred in the unphysical 
part of the Lagrangian, it would be interesting to investigate if the physical subspace 
still maintains conformal symmetry. Propagator quantization is carried out. The energy- 
spectrum of the physical subspace is analogous to the spectrum of fiat quantum field 
theory. 

The interaction terms with the charged scalar density field are also conformally in- 
variant. It is shown that this terms introduce no new vertex diagrams, but just the same 
that are known from scalar QED in Minkowski space. The Lagrangian for the free scalar 
density does not break conformal symmetry [3]. 

At the borders of the patch representing R^ the local fiat coordinates are singular. 
This makes it difficult to relate fields that live on different patches. Physically it should 
be possible for fields to propagate from one patch to another, but because of fixed 
points (points where the vector fields vanish) of the Killing fields corresponding to the 
momentum operators in the conformal algebra, this does not seem to be possible. This 
leads to the conclusion that the momentum operators of the conformal algebra are 
probably not a suitable choice for the physical momentum operators on i? x S*^. Another 
possible choice for the operator corresponding to the energy would be the one creating 
time translations -L-i,o- 
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A. The Lorentz generator 



As an example, the generator 3 will be computed. For this consider the transforma- 
tions: 

5y~^ = y'- ay-' (A.l) 

5y' = y-' - ay' (A.2) 

6y"^ = -ay^ (A.3) 

where m = 1,2, 4, 5, and a = y~'y'. From ()2.32j) we get: 

5y^' = — sin t5t = sin a cos 6* — sin a cos 9 cos^ t 

St = — sin t sin a cos 6, (A. 4) 

Sy'^ = — sin aSa = — cos t sin a cos 9 cos a 

6a = cos t cos a cos 6', (A. 5) 

(5?/^ = (5(sina cos^) = cos t — cos t sin^ a cos^ 6* 

cos a cos ^^5a; — sin a sin 6'56' = cost(l — sin^ a cos^ 9), (A. 6) 



5?/^ = cos a sin 6' cos (pda + sin a cos 9 cos </)(50 — sin a sin sin ( 

= — cos t sin^ a cos 6^ cos 0, (A. 7) 



5?/ = cos a sin ^ sin (f)Sa + sin a cos 9 sin 05^ — sin a sin 6* cos < 

= — cos t sin^ a cos 6' sin 0. (A. 8) 

If we use ()A.4|1 and ()A.5|1 then we get from the last three formulas: 



r/i /i/ /I cost sin^a \ / . ^\ 

o9 = cot a cot ( cos t cos a cos 9 + cost cos , (A. 9) 



cos a COS 9 COS a 



r /le-n , e- , Sm O ^ 

oa + tan a cot 9o9 — tan a tan (pocp = — cos t cos 9, 

cos a 

oa + tan a cot 969 + tan a cot 000 = — cos t cos 6'. 

cos a 



(A.IO) 
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From the last two equations we obtain: 



(tan + cot 0)50 = 
64> 



cos^ - 





0. (A.ll) 



After some computation equation ()A.9|) gives: 



^^^_ costsing _ 
sin a 

Finally we have deduced the generator: 

cos t sin 

L_i 3 = — sin t sin a COS 6'9f + cos t cos a cos ^c)q, de. (A. 13) 

sin a 
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B. Checking the commutation relation 



Now the following commutation relation will be proved: 

[D,P^] = -P^. (B.l) 
According to ()2.5fi|) this commutator is equal to: 

[—-^-1,4, -^-1,1 + -^1,4] = 

= [sin t cos adt + cos t sin ada, — sin t sin a sin 6 cos (pdt + 

■a , cos t cos 6* cos costsin0 , ■ q ,n 

cos t cos a sm fc* cos H a^i ra^ + sm u cos 0(7a 

sm a sm a sm 

+ cot a cos 6 cos ^c^e — cot a -ds] 

sm 

= — sin^ t cos^ t sin ^ cos 0(9q, + sin t cos t sin a cos a sin 9 cos 0c?t — 

sin^ t cos a cos 6* cos (p „ sin^ t sin (p cos a „ 

: oe H : — 

sm a sm a sm u 

+ sin t sin a sin 6* cos (j)dt — sin t cos t sin a cos a sin 9 cos 09t 

— sin^ t sin^ a sin 9 cos — cos^ t sin^ a sin 6' cos (pda — 

2 2 • /I ,0 cos^ t sin a cos 9 cos „ 

cos tcos asm6'cos0(7a ^ 

sin a 

cos^ t sin a sin cos t sin a cos 9 cos 

H 2 — ~ '^'^^ ^ cos a sm cos 2 + 

sin a sin 6' sin a 

cos t sin 

^ ~~B^<t> 

sm a sm 

= sin t sin a sin ^ cos 0(9f + (—1 — cost cos a) sin^^cos^c^Q, 

cos t + cos a cos t + cos a 

■ cos y cos d)O0 + 



sin a sin a sin ^ 

= -(L_i,i + Li,4) (B.2) 

Thus the commutation relation is fulfilled. 
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